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MATRIX MODELS OF MACHINING ACCURACY IN
SINGLE-TOOL MULTI-PASS TURNING

Abstract. The design of multi-pass turning operations plays a critical role in modern high-
precision manufacturing. This paper proposes a mathematical framework based on matrix models
to predict and control machining accuracy throughout sequential turning passes. By decomposing
the technological system into distinct subsystems—namely the spindle-chuck-workpiece and the
carriage-toolholder-tool—a vector-based description of elastic displacements is established. The
model incorporates the cumulative effects of system stiffness, tool geometry, and cutting
conditions. A key focus is placed on "technological inheritance,"” where the dimensional scatter
and workpiece stiffness from preceding passes serve as initial parameters for subsequent stages.
The research demonstrates that accounting for the dynamic change in workpiece stiffness due to
material removal is essential for accurate forecasting. Finally, the accuracy models are
transformed into control models, identifying the carriage feed rate as the primary parameter for
optimizing productivity while maintaining specified tolerances.

Introduction. The design of multi-pass turning operations occupies a
significant position in modern manufacturing. Enhancing the effectiveness of
technological accuracy assurance is possible through the development of
computational forecasting methods that incorporate mathematical models of multi-
pass machining. Mathematical models of dimensional error formation enable
accuracy calculations across a wide range of machining conditions. These models
account for the cumulative influence of a complex set of factors, including the
stiffness characteristics of the technological system’s subsystems, cutting tool
geometry, tool wear magnitude, and cutting conditions [ 1-48].
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Since the cutting force in turning is a vector in three-dimensional space, and
the elastic displacements of the technological subsystems under this force are also
described by spatial vectors, it is possible to transition to a vector-based description
of the technological system’s deformations under load [49-53]. To this end, the
spatial calculation scheme is presented in Fig. 1[43]. In the case under consideration,
it is expedient to decompose the technological system into two subsystems:

o Subsystem 0: "spindle-chuck (collet)-workpiece";

« Subsystem 1: "longitudinal carriage — tool holder — tools".
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Fig. 1. Spatial calculation scheme of elastic displacements for technological
subsystems in single-tool machining [43]

For Subsystem 0, "spindle-chuck (collet)-workpiece" (Fig. 1), the compliance

matrix takes the following form [43, 44]
e° e° e°
XX UXy “xz

0 0 0 0
e’ =|e e} ey |, (1)
el g% g@f

X Y7y Yz

where the rows of the matrix represent the compliance of the subsystem in the
following directions:

eo, — displacement along the X-axis due to a unit force Px;
ey, — displacement along the X-axis due to a unit force Py;
e2, — displacement along the X-axis due to a unit force Pz;

e),— displacement along the Y-axis due to a unit force Px;
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e, — displacement along the Y-axis due to a unit force Py;
e, — displacement along the Y-axis due to a unit force Pz;
e, — displacement along the Z-axis due to a unit force Px;
ey, — displacement along the Z-axis due to a unit force Py;
e), — displacement along the Z-axis due to a unit force Pz.

For Subsystem 1, "longitudinal carriage — tool holder — tools," it is convenient
to denote the compliance matrix as e'. In accordance with the vector relationships
[1], we obtain the following expressions for the spatial displacements of the
subsystems:

Subsystem 0: g°=e’P,; (2)

Subsystem 1: gt =e'P. (3)
where P, is the force exerted by Subsystem 0 on Subsystem 1, and P, is the force
exerted by Subsystem 1 on Subsystem 0. Expressions (2-3) define the individual
displacements of the technological subsystems. To determine the displacements of
the contact point (see Fig. 1), it is necessary to consider the spatial orientation of the
displacement component vectors. Since P, =—P, = P, the total displacement of the

tool tip relative to the workpiece axis can be expressed as follows:

9% =g'-g =¢'P —¢’R = (e +¢")P. 4)
In accordance with [1], a combined compliance matrix for the technological
system as a whole can be introduced:
€ +ey €, +ey €, +ey

0
yX

01 1 0

e =e'+e’=|e, +e) e +e) e +e) |. (5)
&, +ey €, +ey e, +ep

Then, equation (4) takes the form:
g™ =e”P. (6)
By incorporating the representation of the cutting force vector into matrix
equation (6) using traditional cutting theory notations for the coordinate
components Px, Py, Pz, we obtain a model of dimensional error that reflects the
influence of workpiece material properties, setup parameters, and cutting
conditions. Expression (6) serves as a vector model for the displacement of the tool
tip position relative to the workpiece axis. From the perspective of machining

accuracy, equation (6) describes the distortion in the dimensions and shape of the
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generated surface relative to the nominal design values. By considering the
projections of the vector g onto specified directions, the distortion of the machined
dimensions can be determined.

To define the scatter zone of a machined dimension, it is sufficient to determine
the limit values of dimensional distortions within the relevant relationships [54-72].
Technological inheritance plays a significant role in the design of multi-pass
machining processes. For instance, the machining diameter in the second pass
depends on the depth of cut in the first pass, and the tolerance grade of the workpiece
for the second pass corresponds to the tolerance grade of the part following the first
pass. Consequently, in multi-pass machining, the scatter magnitude obtained in the
first pass serves as the initial error for the second pass [73-110]. Thus, a recurrence
relation for the sequential refinement of the workpiece error can be established for
multi-pass machining within a single-tool, single-coordinate setup:

Ag, =e” {a)ti Py +AL P, } (7)
where o is the total scatter magnitude of the technological system properties;
vector p, characterizes the degree of influence of the depth of cut #;, and vector p,

characterizes the degree of influence of the allowance fluctuations At,. Expression

(7) represents a matrix generalization of the scatter zone model for machined
dimensions in multi-pass machining. The transition to a specific dimension is
reduced to considering the corresponding coordinate of the vector Ag,. For example,

for the scatter zone magnitude of the diametrical dimension in the i-th pass, the
following relationship holds:
Ay, =Ag,, . (8)

However, it should be noted that in multi-pass machining, to determine the
complex compliance of the technological system, it is necessary to derive a function
for the average stiffness of the workpiece, accounting for the material removal
allowances from preceding passes. This requirement is attributed to the fact that the
stiffness of the workpiece varies significantly across different stages of the
operation.

The developed models facilitate the determination of maximum permissible
machining conditions and, consequently, ensure the highest operational productivity
for a specified dimensional accuracy. To address the design challenges of multi-pass
machining, these models must be transformed into control models. During this
transformation, several potential control parameters may be considered, such as
cutting tool geometry, tool wear magnitude, and cutting conditions. Among these,
the carriage feed rate emerges as a more effective control parameter.
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Conclusions. The developed matrix models provide a robust framework for
predicting machining accuracy by accounting for the spatial displacements and
technological inheritance inherent in multi-pass turning. By integrating the recursive
nature of error propagation and the dynamic changes in workpiece stiffness during
material removal, these models enable the precise determination of optimal cutting
regimes. Specifically, identifying the carriage feed rate as a primary control
parameter allows for a strategic balance between maximum operational productivity
and strict adherence to dimensional tolerances. Ultimately, this matrix-based
approach offers a scientific basis for the automated design and optimization of high-
precision manufacturing processes.

This work was supported by the Azerbaijan Science Foundation — Grant
Ne AEF-MGC-2024-2(50)-16/01/1-M-01
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