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Introduction: In mechanical engineering, the generation of gear tooth surfaces
1s one of the most labor-intensive technological processes [1-5]. The machining of
gear tooth surfaces requires the use of complex and costly cutting tools and
specialized equipment [6—10]. Therefore, in addition to increasing productivity
during the tooth generation process, ensuring the required accuracy of their
geometric and kinematic parameters is regarded as one of the key technological
challenges [11-15].

One of the principal directions for improving gear tooth generation processes
is the development of novel technological methods and machining processes, the
expansion of the kinematic capabilities of machine tools, and the enhancement of
the dynamic performance of their working units [16-20]. Studies conducted at the
Azerbaijan Technical University have demonstrated that the method of machining
external cylindrical gear tooth surfaces using a stepped rack-type tool provides
higher productivity and superior machining quality compared with the conventional
gear rack shaping process [21-25]. In this context, achieving high precision in
advanced gear tooth generation methods depends not only on the accuracy of the
cutting tool and the machine tool but also on the interactions among all elements of
the technological system [26—30]. A systematic investigation of these interactions
makes it possible to identify effective approaches for improving machining accuracy
[31-35].

One of the key factors ensuring the smooth operation, reliability, and service
life of gear wheels is the dimensional accuracy of their gear tooth surfaces,
particularly their diametral dimensions [36—40]. In gear shaping, any specified
parameter of the tooth surface and its corresponding accuracy represents the closing
link of the technological dimension chain formed during the shaping process.
Therefore, the identification, formulation, and analysis of the technological
dimension chains associated with the accuracy parameters of gear tooth surfaces
make it possible to determine the principal sources for improving machining
accuracy [41-45]. Moreover, the systematic control of these dimension chains



https://orcid.org/0000-0003-0114-8819

August 21, 2026 e Liverpool, England; United Kingdom I

provides not only high dimensional accuracy but also enhanced machining
efficiency [46—50].

During the rack shaping of gear tooth surfaces, all three categories of
dimensional relationships-static, kinematic, and dynamic-simultaneously influence
the machining process [51-54]. The dimensional accuracy of the diametral
parameters of internal gear teeth is investigated through a comparative analysis of
conventional gear shaping and the newly developed stepped rack shaping method,
using the static, kinematic, and dynamic technological dimension chains generated
during machining as the analytical framework [55—-58]. The dimensional dispersion
zone is adopted as the criterion for evaluating machining accuracy, whereas both the
nominal dimension and the center of the dispersion zone are controlled by the
machine setting dimension.

Discussion: In gear rack shaping, the mechanism governing the formation of
the technological dimension chain for diametral dimensions (outside diameter,
inside diameter, pitch diameter, etc.) is identical. Therefore, the analysis of the
diametral technological dimension chain is carried out using the pitch circle
diameter, which is the most significant diametral parameter in gear shaping, as a
representative example.

Based on the static dimension chain (Fig. 1), the radius of the pitch circle can
be expressed as:

R=F+H+8 +8+6 (1)
where: R - radius of the pitch circle of the machined gear teeth; r - radius of the pitch
circle of the cutting tool; H - machine setting dimension; e: - eccentricity (runout)
of the spindle locating surface relative to the spindle axis of rotation; e - eccentricity
of the cutting teeth of the rack tool relative to its primary datum surface; d - clearance
between the spindle locating surface and the primary datum surface of the cutting
tool.

According to the static technological dimension chain, the dimensional
accuracy of diametral parameters is influenced by the tool radius r, the machine
setting dimension H, and the parameters e, €2, and 6, which determine the positional
accuracy of the cutting edge of the tool. The tool dimension and its variation among
the teeth of a given cutter constitute a systematic constant error. The mechanism by
which this error affects the diametral dimensions differs fundamentally between
conventional rack shaping and the proposed stepped rack shaping method.

In conventional gear shaping, each tooth of the cutting tool generates only one
tooth space of the workpiece (or, on average, n = z/z,, where z is the number of
teeth of the gear and z, is the number of teeth of the rack cutter). Consequently, the
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local geometric error associated with each individual cutter tooth is directly
transferred to the corresponding tooth space of the workpiece.
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Fig. 1. Static technological dimension chain of the pitch circle radius

Figures 2 and 3 illustrate the mechanism of dimensional and profile error
formation. The first cutter tooth, having a pitch-circle radius ri, generates a tooth
space with radius Ri, whereas the n-th cutter tooth, having radius r,, generates a
tooth space with radius R,. As a result, the variation in diametral dimensions
between the cutter teeth, denoted by ., is directly reflected in the machining
accuracy:

Wr = Tmax — Tmin
where Imax and rmin are the maximum and minimum radii of the cutting tool teeth,
respectively.

In gear cutting with the stepped rack cutter, each tooth of the tool participates
in generating all gear teeth. Consequently, the tooth-space profile radius and tooth
thickness are formed by the cutter tooth possessing the larger profile radius or
thickness, or alternatively by the left profile of one cutter tooth and the right profile
of another. Therefore, the error in the diametral dimensions caused by the radius
variation of the cutter teeth is equivalent to the error of only a single tooth, Ar
(Fig. 3). This error can be compensated during the machine setting procedure,
thereby minimizing the influence of cutter manufacturing inaccuracies on

machining accuracy.
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Fig. 2. Schematic representation of the formation of the diametral dimension
in conventional gear shape
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Fig. 3. Schematic representation of the formation of the diametral dimension
in gear shape using the stepped rack cutter

The machine setting dimension, H, affects the diametral dimensions through
three independent components: AH: - the setting error introduced during the initial
machine adjustment for cutting gear teeth to the specified dimensions; AH: - the
error occurring when the machine table returns to its preset position after machining
each workpiece; AHs - the error arising when the cutter, after each return stroke, is
repositioned to its working position.

The component AH: is a systematic constant error that affects all machined
parts with the same magnitude and direction. Since large batches of gears are
generally manufactured using several machine settings, the influence of AH: on
dimensional accuracy also exhibits a random character over the entire production
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batch. The component AH: acts as a random error for each individual workpiece,
whereas AHs assumes random values for every double stroke and, consequently, for
each tooth. Accordingly, the AH: and AH2 components of the setting error affect the
diametral dimensions of the gear tooth surfaces uniformly over the entire workpiece,
while AHs acts on individual teeth. The latter component is responsible for
generating the profile (cross-sectional) form error of the gear tooth surface (Fig. 2).

The tool-setting error acts as a systematic constant factor for all gears machined
during a single tool setup. As a consequence of this error, the eccentricity introduced
during gear shaping assumes different values. In conventional gear shaping, each
tooth space is generated by a single cutter tooth; therefore, the influence of the tool-
setting error e on the accuracy of the diametral dimensions is manifested together
with the radius error of the cutter tooth (Fig. 2). In this case, the variation in the
diametral dimensions-that is, the profile form error-is determined by the following
expression:

w' =2 [(r(p + ea(p)max — (1, + eaq,)mm] (3)
where ¢ is the angular position of the cutter tooth with respect to the reference tooth
adopted as the origin of the calculation; r(¢) is the radius of the cutter tooth
corresponding to the angular position @; and e.(¢) is the eccentricity of the cutter
axis relative to the spindle axis of rotation in the cross-section corresponding to ¢.

In gear shaping, the kinematic technological dimension chain does not
participate directly in the formation of the diametral dimensions. Therefore, the
dynamic technological dimension chain is investigated.

R=F+H+8E +u+ia+T)+Va+7a (4)
where u is the tool wear; 1, is the thermal deformation of the cutting tool along the
pitch-circle radius; 1, is the thermal deformation of the workpiece along the pitch-
circle radius; y. is the elastic deformation of the cutting tool and the spindle head
along the pitch-circle radius; and vy, is the elastic deformation of the gear and the
fixture system along the pitch-circle radius.

Since tool wear u does not attain significant values during gear shaping,
particularly during the machining of a single gear, it may be assumed that u = 0 when
a limited number of gears are produced. Considering the dependence of the elastic
deformations of the technological system (TS) elements on the technological
parameters (2), and taking into account that only the variable component of the
elastic deformation affects the closing link of the technological dimension chain, the
variation range of the elastic deformation of the TS in the direction of the machine
setting dimension is given by:
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AY = Yiax — Yimin
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During machining, the dispersion zone of the pitch-circle radius is determined
by the variation ranges of each parameter included in equation (5). Since the number
of independently varying parameters in equation (5) exceeds four, the dispersion of
the closing link should be evaluated using the principles of probability theory.

Assuming that the propagation of the initial errors follows a uniform
probability distribution for tool wear (u), an unknown distribution for the thermal
deformations of the technological system (t), and a normal distribution for the
setting error (H) and elastic deformations (y), while the parameters Ar and e,
represent systematic constant errors with randomly distributed angular positions
around the circumference, the error of the pitch-circle radius is determined by the
following probabilistic relationship:

AR' = [VAZ + e2 +/A2H + 3A%u + 3A%7" + A%y’ (6)

For an individual gear, the variation of the pitch-circle radius-representing the
circumferential profile form error-is expressed as:

AR, = /A%r +eZ + JAZHg + 3A%7), + A%y, (7)
where the subscript ¢ indicates that the corresponding parameter belongs to the tooth

generated by the cutter tooth located at the angular position ¢.
For gear cutting with the stepped rack cutter:

AR" = \/A?H; + A2H? + 3A%u + 3A2y" (8)
For an individual gear:

AR} = \/A2H3 + 3427, + A%y, )

In the machining of external gear teeth, the directions of the elastic and thermal
deformations of both the workpiece and the cutting tool are reversed. The analysis
of the corresponding diametral technological dimension chain demonstrates that
analogous results are obtained for the machining of external gears as well. The
analysis and comparison of equations (4)...(9) indicate that gear cutting with the
stepped rack cutter provides higher pitch-circle radius accuracy than conventional
gear shaping. These relationships, together with the specified technological process
parameters, make it possible to predict the dimensional accuracy of diametral
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parameters. The dimensional accuracy of the pitch circle was also investigated under
industrial production conditions using machined gears. The experimental study
included both external and internal gear tooth surfaces produced by conventional
gear shaping and by high-speed gear cutting with the stepped rack cutter. The design
parameters of the test gears were as follows. For the external gears: workpiece
material -St. 40; number of teeth -Z = 34; module -m = 3 mm; and tooth width -1 =
22 mm. For the internal gears, the corresponding parameters were: St. 40; Z = 72;
m =3 mm; and | = 25 mm.

Gear machining was performed using a Model 514 gear shaping machine for
the conventional process and a modified milling machine adapted for gear cutting
with the stepped rack cutter. The cutting operations were carried out under the
optimum cutting conditions and machining regimes recommended in the literature
[60—-63]. The pitch circle diameter of the gears was measured according to the
standard industrial measurement methodology. Analysis of the experimental results
demonstrated that both conventional gear shaping and high-speed gear cutting with
the stepped rack cutter achieved grade 8 dimensional accuracy for the pitch circle
diameter. However, the variation interval of the pitch circle diameters obtained with
the stepped rack cutter was 8—10% smaller than that produced by the conventional
method, approaching the requirements of grade 7 accuracy.

Conclusion: The high-speed gear cutting process using the stepped rack cutter
provides higher dimensional accuracy of the pitch circle diameter and other
diametral dimensions compared with conventional gear shaping. In addition, it is
capable of achieving 1.5-2 times greater productivity. Therefore, the
implementation of this process in industrial manufacturing offers significant
potential for improving production efficiency and overall technological
performance.
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